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Intertemporal Utility

Consider a household which at time s is planning
its intertemporal consumption stream c;’— = (Csy Cs15---5CT)
over periods t in the set {s,s+1,..., T}.

Its intertemporal utility function RT=st1 > ¢ s UJ(c]) e R
is assumed to take the additively separable form

U= u(e)

where the one period felicity functions ¢ — wu(c)
are differentiably increasing and strictly concave (DISC)
—i.e., ui(c) >0, and u(c) <0 for all t and all ¢ > 0.
As before, the household faces:

1. fixed initial wealth ws;

2. a terminal wealth constraint w41 > 0.
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Risky Wealth Accumulation

Also as before, we assume

a wealth accumulation equation wiy1 = Fe(we — ¢t),
where F; is the household’s gross rate of return

on its wealth in period t.

It is assumed that:

1. the return ¥ in each period t is a random variable
with positive values;

2. the return distributions for different times t
are stochastically independent;

3. starting with predetermined wealth ws at time s,
the household seeks to maximize
the expectation Es[UJ (c[])] of its intertemporal utility.
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Two Period Case

We work backwards from the last period, when s = T.
In this last period the household will obviously choose ¢t = wr,

yielding a maximized utility equal to V7 (wt) = ur(wr).

Next, consider the penultimate period, when s = T — 1.
The consumer will want to choose c1_1 in order to maximize

ur—1(cr—1) + Er_1Vr(wr)
————— —_———
period T—1 result of an optimal policy in period T

subject to the wealth constraint

wr = Fro1 (wr—1—cr-1)
—~— ——
random gross return saving
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First-Order Condition

Substituting both the function V1 (wt) = ur(wr)
and the wealth constraint into the objective reduces the problem to

g;?i({UT—l(CT—l) +Er_1 [ur(Fr—1(wr—1 —c7-1)) ]}

subject to 0 < cr—1 < wy_31 and &7 := Fr_q1(wr_1 — c1-1).

Assume we can differentiate under the integral sign,
and that there is an interior solution with 0 < c7_1 < wr_1.

Then the first-order condition (FOC) is

0= ur_y(cr-1) + Eroa[(=Fr-1)ur(Fr-a(wr-1 — c7-1))]
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The Stochastic Euler Equation

Rearranging the first-order condition while recognizing
that ¢7 := Fr_1(wr_1 — cT_1), one obtains

ur_q(er-1) = Eroq[Froadr (Froa(wr—1 — cr-1))]
Dividing by u’-_;(cT—1) gives the stochastic Euler equation

- u’ E‘T ~ ~
1=Er4 fT—1,T# =Er_ [rT—lMRS;_ﬂCT—l; CT)]
ur_y(eT-1)
involving the marginal rate of substitution function

ur(Er)

MRST_ (CT_1; Z‘T) ==
T ur_y(er-1)
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The CES Case

For the marginal utility function ¢ — o/(¢),
its elasticity of substitution is defined
for all ¢ > 0 by n(c) :=dInd'(c)/dInc.

Then 7n(c) is both the degree of relative risk aversion,
and the degree of relative fluctuation aversion.

A constant elasticity of substitution (or CES) utility function
satisfies dInu'(c)/dInc = —e < 0 for all ¢ > 0.

The marginal rate of substitution
satisfies u'(c)/u'(€) = (c/c)~¢ for all ¢, > 0.
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Normalized Utility
Normalize by putting v/(1) = 1, implying that /(c) = ¢
Then integrating gives
u(c;e) = )+ Ji % _de

c—-1

u(l)+1Inc ife=1
Introduce the final normalization
1
— if 1
W)= di—e "7
0 ife=1
The utility function is reduced to

cl—e—1

u(c;e) = 1—e¢
Inc ife=1

ife#1
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The Stochastic Euler Equation in the CES Case

Consider the CES case when u}(c) = d:¢c°,

where each d; is the discount factor for period t.

Definition
The one-period discount factor in period t
is defined as B := 0¢41/0¢.

Then the stochastic Euler equation takes the form

N ar \ °
1=Er4 [rT—IBT—l ( T ) ]
CT-1

Because cy_1 is being chosen at time T — 1, this implies that

(c7-1) " =E7_1 [Fro1Br-1(¢7)]
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The Two Period Problem in the CES Case

In the two-period case, we know that
¢r = wr =Froi(wr-1 — c1-1)
in the last period, so the Euler equation becomes
(cr-1) =E7-1 [Fr-187-1(8r) 7]
= Broa(wr_1 — cr—1) Er_1 [(Fro1)" ]

Take the (—1/¢€) th power of each side and define

PT—1:= (6T71ET71 [(;Til)l—e])fl/e

to reduce the Euler equation to c7—1 = pr_1(wr_1 — c7-1)
whose solution is evidently cr_1 = y7_1wr_1 where

y7-1:=p7-1/(L+p7-1) and 1—v71=1/(1+p7-1)

are respectively the optimal consumption and savings ratios.

It follows that p7_1 = 7T,1/(1 - "nyl)
is the consumption /savings ratio.
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Optimal Discounted Expected Utility

The optimal policy in periods T and T —1
is ¢t = y:+wr where vy =1 and y7_1 has just been defined.

In this CES case, the discounted utility of consumption in period T
is Vr(wr) :==dru(wr;e).

The discounted expected utility at time 7 — 1
of consumption in periods T and T — 1 together is

Vr_i(wr—1) = dr—ru(yr—awr—1;€) + d7ET_1[u(VWT; €)]

where ﬁ/T = FT—l(l — 'y-r_l)w-r_l.

University of Warwick, EC9A0 Maths for Economists 13 of 63



Discounted Expected Utility in the Logarithmic Case

In the logarithmic case when ¢ =1, one has

Vr_i(wr—1) = dr-1In(yro1wr_1)
+OrEr_1[In (Fr—1(1 — y7-1)wr_1)]

It follows that
Vr_i(wr—1) =ar—1 4+ (07-1 +07)u(wr_1;€)
where

at—1:=01_1Iny7r_1+ 07 {In(1 —v7-1) + Ex_1[InFr_4]}
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Discounted Expected Utility in the CES Case

In the CES case when € # 1, one has
(1—e)Vr_i(wr_1) =dr_1(yT-1wr_1)'"¢
+67[(L = yr—1)wr—1]' " Er_a[(Fr-1)']
SO VT,]_(WT,]_) = VT,]_U(WT,]_; 6) where

vro1 =071 (1) 6T (L= o) Eroa(Froa) ]

In both cases,

one can write Vr_1(wr_1) = at_1+ vr_1u(wr_1;€)

for a suitable additive constant avr—1 (which is 0 in the CES case)
and a suitable multiplicative constant vy_;.
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The T Period Problem
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The Time Line

In each period t, suppose:
» the consumer starts with known wealth w;;

> then the consumer chooses consumption ¢,
along with savings or residual wealth w; — ¢¢;

» there is a cumulative distribution function F¢(r) on R

that determines the gross return F;
as a positive-valued random variable.

After these three steps have been completed,
the problem starts again in period t + 1,
with the consumer’s wealth known to be wyy; = F(wy — ¢t).
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Expected Conditionally Expected Utility

Starting at any t, suppose the consumer’s choices,
together with the random returns, jointly determine a cdf F,”

over the space of intertemporal consumption streams ¢/ .

The associated expected utility is E¢ [U/ (c])],
using the shorthand [E; to denote integration w.r.t. the cdf F,’.

Then, given that the consumer has chosen ¢; at time t,
let Et11[-|ct] denote the conditional expected utility.

This is found by integrating
w.r.t. the conditional cdf F,[;(c/ |c:).

The law of iterated expectations allows us to write
the unconditional expectation E; [U/ (¢])]

as the expectation E[E.1[U/ (¢])|c]]

of the conditional expectation.
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The Expectation of Additively Separable Utility

Our hypothesis is that the intertemporal
von Neumann—Morgenstern utility function
takes the additively separable form

v =" u(e)

The conditional expectation given ¢; must then be

BenlU] (el = wled) +Enx | wele

whose expectation is
T T
E; Z UT(CT) = Ut(Ct) +Et |Eta ZT:t+1 uT(CT) |Ct

T=t
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The Continuation Value

Let Viy1(wes1) be the state valuation function
expressing the maximum of the continuation value

-
Et1 [Util(cfﬂ)} = Er1 [ZT:tH ”T(CT)}

as a function of the wealth level or state wyi1 = Fe(wy — ¢¢).

Assume this maximum value is achieved
by following an optimal policy from period t + 1 on.

Then total expected utility at time t will then reduce to

E, [UtT(CLT):| = uy(c) + B¢ [Et+1 [ Cr)’Ct”

ug(ce) + Ee[ Vg1 (Wet
ur(ce) + Et[vt+1(rt(Wt — )l
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The Principle of Optimality

Maximizing Es [UJ (c])] w.r.t. cs, taking as fixed
the optimal consumption plans ¢;(w;) at times t =s+1,..., T,
therefore requires choosing ¢s to maximize

Us(Cs) + Es[Vsi1(Fs(ws — cs))]

Let c(ws) denote a solution to this maximization problem.

Then the value of an optimal plan (¢} (w:))/_.
that starts with wealth ws at time s is

Vs(ws) := us(cg (ws)) + Es[Vepa (Fs(ws — 5 (ws)))]

Together, these two properties can be expressed as

Vs(ws) =
: e Jomex, (e + EdlVera(Galwe — )}

ci(ws) = 0<cs<ws

which can be described as the the principle of optimality.
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An Induction Hypothesis

Consider once again the case when u:(c) = d:u(c;€)
for the CES (or logarithmic) utility function
that satisfies u/(c; €) = ¢~ ¢ and, specifically

o) {cle/(l —€) ife#£l;

Inc if e=1.

Inspired by the solution we have already found

for the final period T and penultimate period T — 1,

we adopt the induction hypothesis that there are
constants o, Y, ve (t=T, T —1,...,s+ 1,s) for which

cf(we) =vewy and  Vi(we) = o + veu(wy; €)

In particular, the consumption ratio ; and savings ratio 1 — ;
are both independent of the wealth level w;.

University of Warwick, EC9A0 Maths for Economists 22 of 63



Applying Backward Induction

Under the induction hypotheses that
ct(we) =vewr and  Vi(wy) = ap + veu(wy; €)
the maximand
us(cs) + Es[Vsi1(Fs(ws — c5))]

takes the form

dsu(cs; €) + Es[asi1 + vsy1u(Fs(ws — ¢s);€)]
The first-order condition for this to be maximized w.r.t. ¢ is

0 = dst/(csi €) = Vsr1 Es[fst (Fs(ws — ¢5); )]
or, equivalently, that

ds(cs) ™ = vsp1Es[Fs(Fs(ws — c5)) )] = vsr1(ws — CS)%ES[(FS)PE]
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Solving the Logarithmic Case

When e =1 and so u(c;€) =Inc,

the first-order condition reduces to 6s(cs) ™! = vsy1(ws — cs) L.
Its solution is indeed cs; = Ysws where s(7s) ™1 = ver1(1 —7s) 72,
implying that vs = 0s/(ds + Vst1)-

The state valuation function then becomes

Vs(Ws) = 5su('}/sWs; 6) + asi1 + Vs+1Es[U(Fs(1 - 'Ys)Ws; 6)]
= s In(ysWs) + ast1 + Ver1Es[In(Fs(1 — vs)ws)]
= 0s In(’YsWs) + as+1 + Vs+1{|n(1 - VS)Ws +1In Rs}

where we define the geometric mean certainty equivalent return R
so that In Rs := E[In(7)].
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The State Valuation Function

The formula
Vs(ws) = ds In(vsws) + ast1 + Vsr1{In(1 — vs)ws + In Rs}

reduces to the desired form Vi(ws) = ais + vs In ws
provided we take vs := ds + vsi1, which implies that vs = ds/vs,
and also
as = 0sInvs + ast1 + Ver1 {In(1 —vs) + InRs}
= 0sIn(0s/Vs) + avs1 + Ver1{In(vs+1/vs) + In Rs}
=0sInds + asy1 — vsInvs + vsyi{Inveys + In Rs}

This confirms the induction hypothesis for the logarithmic case.

The relevant constants vs are found by summing backwards,
starting with v = 07, implying that vs = ZTT:S Js.
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The Stationary Logarithmic Case

In the stationary logarithmic case:

» the felicity function in each period t is 3% In ¢,
so the one period discount factor is the constant ;

> the certainty equivalent return R; is also a constant R.

Then vs = 321 65 =321 67 = (8°— 87+1) /(1 - B),
implying that s = 8°/vs = B5(1 — B)/(B8° — BT T1).

It follows that

(I-B)ws _ (1—pB)ws

Cs = VYsWs = 1_5T—S+1 - 1—,8H+1

when there are H := T — s periods left before the horizon T.

As H — oo, this solution converges to ¢; = (1 — ) ws,
so the savings ratio equals the constant discount factor 3.

Remarkably, this is also independent on the gross return to saving.
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First-Order Condition in the CES Case

Recall that the first-order condition in the CES Case is

65(Cs)_6 = Vs+1(Ws - Cs)_eEs[(Fs)l_e] = Vs+1(Ws - Cs)_gRsl_6

where we have defined the certainty equivalent return R
as the solution to R =€ := E¢[(Fs)1~¢].

The first-order condition indeed implies that ¢} (ws) = ysws,
where 65(7s) 7€ = vsy1(1 — 7s) ¢RI
This implies that

1 js% = (vera R /0) °

or

e (RS (waRE) T
S

= 1+ (vs+1R51_6/55)71/6 o (55)_1/5 + (VS_HRsl—e)fl/e
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Completing the Solution in the CES Case

Under the induction hypothesis that Vsy1(w) = vspaw!=¢/(1 —¢),
one also has

(1—¢€)Vs(ws) = 55('YSW5)17€ + vsp1Es[(Fs(1 — VS)WS)PE]
This reduces to the desired form (1 — €)Vs(ws) = vs(ws)! ¢, where
Vs 1= 55(75)1_e + V5+1ES[(F5)1_E](1 - 75)1_E
55(VS+IR51—5)1—1/6 + Vs+1Rsl—e(5s)1—1/e
[(55)—1/5 + (VS+1R51—5)—1/€]1—6
(ve1RIT) M+ (65) Ve
[(6s)~1/¢ + (VS+1R51—6)*1/6]1—6
= Gove 1 RE[(0:) 7Y+ (veyaRE) T

1—
= 55V5+1 RS ¢

This confirms the induction hypothesis for the CES case.

Again, the relevant constants are found by working backwards.
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Histories and Strategies

For each time t =s,s+1,..., T

between the start s and the horizon T,

let h* denote a known history (wr, ¢, Fr)E_,

of the triples (w;, c;, Fr)

at successive times T =s,s+ 1,...,t up to time t.

A general policy the consumer can choose
involves a measurable function ht — 1(h")
mapping each known history up to time t,

which determines the consumer’s information set,
into a consumption level at that time.

The collection of successive functions 1] = (¥;) /[,
is what a game theorist would call the consumer’s strategy
in the extensive form game “against nature”.
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Markov Strategies

We found an optimal solution
for the two-period problem when t = T — 1.

It took the form of a Markov strategy 1¢(ht) := c;(wy),
which depends only on w; as the particular state variable.

The following analysis will demonstrate in particular

that at each time t =s,s+1,..., T,

under the induction hypothesis that the consumer will follow
a Markov strategy in periods T=t+1,t+2,..., T,

there exists a Markov strategy that is optimal in period t.

It will follow by backward induction

that there exists an optimal strategy h® — 1(h")
for every period t =s,s+1,..., T

that takes the Markov form ht — w; — ¢ (w).

This treats history as irrelevant, except insofar as it determines

current wealth w; at the time when ¢; has to be chosen.
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A Stochastic Difference Equation

Accordingly, suppose that the consumer pursues
a Markov strategy taking the form w; — ¢/ (w;).

Then the Markov state variable w; will evolve over time according
to the stochastic difference equation

Wey1 = dr(we, Fr) = Fe(we — cf (wr)).

Starting at any time t, conditional on initial wealth w,

this equation will have a random solution W/, ; = (W),
described by a unique joint conditional cdf Ft:—l(wt-’:klywt)
on RT—s,

Combined with the Markov strategy w; — ¢ (wy),
this generates a random consumption stream &/, ; = (&)1,
described by a unique joint conditional cdf G, ;(¢/ ;|w;) on RT 5.
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General Finite Horizon Problem

Consider the objective of choosing ys in order to maximize

T-1
e |3 ulce) + r(xr)
subject to the law of motion xey1 = &e(Xe, Yt, €¢),
where the random shocks ¢;

at different times t =s,s+1,s+2,..., T —1
are conditionally independent given x;, y;.

Here x1 — ¢7(x7) is the terminal state valuation function.
The stochastic law of motion can also be expressed
through successive conditional probabilities Pyi1(Xet1|Xt, Vt)-

The choices of y; at successive times determine
a controlled Markov process governing the stochastic transition
from each state x; to its immediate successor x;1.
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Backward Recurrence Relation

The optimal solution can be derived
by solving the backward recurrence relation

Vilxs) = }

i) —arg [, mex Lustys) + Es [Voya(xsia) bxs, ysl}

YSGFS(XS)

where
1. xs denotes the “inherited state” at time s;
2. Vs(xs) is the current value in state xs
of the state value function X 3 x — V4(x) € R;
3. X 3 x+» Fs(x) C Y is the feasible set correspondence;
4. (x,y) > us(x,y) denotes the immediate return function
in period s;
5. X 3 x> yX(x) € Fs(xs) is the optimal “strategy”
or policy function;
6. The relevant terminal condition is that V1 (x1)
is given by the exogenously specified function ¢7(x7).
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Infinite Time Horizon
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An Infinite Horizon Savings Problem

Game theorists speak of the “one-shot” deviation principle.

This states that if any deviation
from a particular policy or strategy improves a player's payoff,
then there exists a one-shot deviation that improves the payoff.

We consider the infinite horizon extension
of the consumption /investment problem already considered.

This takes the form of choosing a consumption policy ci(w:)
in order to maximize the discounted sum of total utility, given by

Zoo ,Btfsu(ct)

t=s

subject to the accumulation equation w1 = Fr(we — ¢t)
where the initial wealth ws is treated as given.
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Some Assumptions

The parameter 5 € (0,1) is the constant discount factor.

Note that utility function R 5 ¢ — u(c) is independent of t;
its first two derivatives are assumed to satisfy

the inequalities v/(c) > 0 and u”(c) < 0 for all c € R4.
The investment returns ¥ in successive periods

are assumed to be i.i.d. random variables.

It is assumed that w; in each period t is known at time t,
but not before.
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Terminal Constraint

There has to be an additional constraint
that imposes a lower bound on wealth at some time t.

Otherwise there would be no optimal policy
— the consumer can always gain by increasing debt
(negative wealth), no matter how large existing debt may be.

In the finite horizon,
there was a constraint wt > 0 on terminal wealth.

But here T is effectively infinite.

One might try an alternative like
liminf B'w; > 0
t—o0
But this places no limit on wealth at any finite time.

We use the alternative constraint requiring that w; > 0 for all time.
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The Stationary Problem

Our modified problem can be written
in the following form that is independent of s:

o0
t
max u(c
% 2o 510E0)
subject to the constraints ¢; < wy and wip1 = Fe(we — ¢t)
forall t=0,1,2,..., with wp = w, where w is given.
Because the starting time s is irrelevant,

this is a stationary problem.

Define the state valuation function w — V(w)
as the maximum value of the objective,
as a function of initial wealth w.
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Bellman's Equation

For the finite horizon problem, the principle of optimality was

S} = e o, (400 Bt )

For the stationary infinite horizon problem, however,
the time starting time s is irrelevant.
So the principle of optimality can be expressed as

c*(w) = 0<c<w

The state valuation function w — V/(w) appears
on both left and right hand sides of this equation.

Solving it therefore involves finding a fixed point, or function,
in an appropriate function space.
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Isoelastic Case

We consider yet again the isoelastic case
with a CES (or logarithmic) utility function
that satisfies u'(c; €) = ¢ ¢ and, specifically

cl=¢/(1—¢) ife ;
u(c;e):{ f(L=e) el

Inc if e =1.

Recall the corresponding finite horizon case,
where we found that the solution to the corresponding equations

Vi(Ws) - arg} max {us(cs) + BEs[Vsp1(Fs(ws — cs))]}

CS(WS) = 0<cs<ws

takes the form Vs(w) = as + vsu(w; €)
for suitable real constants as and vs > 0, where as = 0 if € # 1.

University of Warwick, EC9OA0 Maths for Economists 40 of 63



First-Order Condition

Accordingly, we look for a solution to the stationary problem

C*(W) = arg }Ogcaﬁxw{u(c'e)—i_ﬁE[V(r(W_ C))]}

taking the isoelastic form V(w) = a + vu(w;€)
for suitable real constants « and v > 0, where a = 0 if € #£ 1.

The first-order condition for solving
this concave maximization problem is

¢ = PE[F(F(w —¢)) ] =C(w—c)°

where (€ := BR™¢ with R as the certainty equivalent return
defined by R1~¢ := E[F17].

Hence ¢ = yw where v~¢ = (¢(1 — 7)€,

implying that v = 1/(1 + ().
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Solution in the Logarithmic Case

When € =1 and so u(c;€) = Inc, one has

V(w) = u(yw; €) + {a+ vE[u(F(1 — v)w; €)]}
= In(yw) + B{a + VE[In(F(1 — v)w)]}
=lny+(1+8v)Inw+ S{a+ vIn(l—~)+E[InF}
This is consistent with V(w) = a + vInw in case:
1. v =1+ Bv, implying that v = (1 — 3)~%;
2. and also a =Iny+ S{a+ vIn(l —~v) + E[InF]},
which implies that

a=(1-8)"[Iny+8{(1-B)"tIn(l—v)+E[nF}]

This confirms the solution for the logarithmic case.
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Solution in the CES Case
When € # 1 and so u(c;e) = c'7¢/(1 — ¢€), the equation
V(w) = u(yw; €) + BVE[u(F(1 — ) w; €)]
implies that
(1 —V(w) = (yw)' = + BVE[(F(1 — 7)w)' ] = vw'™*
where v = 417¢ + Bv(1 — )} ¢R'~€ and so

’71_6 ’71_6

1B R 1T (1)

But optimality requires v = 1/(1 + ), implying finally that

N €19 S
1=¢+7 A+ —¢

This confirms the solution for the CES case.
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Main Theorem
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Bounded Returns

Suppose that the stochastic transition from each state x

to the immediately succeeding state X

is specified by a conditional probability measure B — P(x € B|x, u)
on a o-algebra of the state space.

Consider the stationary problem of choosing a policy x — u*(x)
in order to maximize the infinite discounted sum of utility

EY Bk, )
where 0 < 5 < 1.

The return function (x, u) — f(x, u) € R is uniformly bounded
provided there exist a uniform lower bound M,
and a uniform upper bound M* such that

M, < f(x,u) < M* for all (x,u)
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Existence and Uniqueness

Theorem
Consider the Bellman equation system

V(X) =
u*(x) € arg }urenl_gx {f(x, u) + BE[V(X)|x, u]}
Under the assumption of uniformly bounded returns:

1. there is a unique state valuation function x — V/(x)
that satisfies this equation system;

2. any associated policy solution x — u*(x)
determines an optimal policy that is stationary
— i.e., independent of time.
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The Function Space

The boundedness assumption M, < f(x, u) < M* for all (x, u)
ensures that, because 0 < 8 < landso > oo, Bt = ﬁ
the infinite discounted sum of utility

Wi=EY " B (x, u)

satisfies (1 — B) W € [M,, M*].

This makes it natural to consider the linear space V
of all bounded functions X 3 x — V(x) € R
equipped with its sup norm defined by || V|| := sup,ex |V(x)|.

We will pay special attention to the subset
Vv ={VeV|VxeX:(1-p)V(x) e [M,M]}

of state valuation functions with values V/(x)
lying within the range of the possible values of W.

University of Warwick, EC9A0 Maths for Economists 47 of 63



Two Mappings
Given any measurable policy function X 3 x — u(x) denoted by u,
define the mapping T" : Viy — V by
[T*VI(x) = f(x, u(x)) + BE[V(X)|x, u(x)]
When the state is x, this gives the value [T"V](x)
of choosing the policy u(x) for one period,

and then experiencing a future discounted return V(%)
after reaching each possible subsequent state x € X.

Define also the mapping T* : V) — V by
[T*V](x) == Qg(x){f(x, u) + BE[V(X)[x, ul}

These definitions allow the Bellman equation system
to be rewritten as

V(x) = [T"VI(x)
u*(x) € argmax,cp[T"V](x)
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Two Mappings of Vy,; into ltself

For all V € V), policies u, and x € X, we have defined

[T*V](x) = f(x,u(x))+ BE[V(X)Ix, u(x)]
and [T*V](x) = max,er)if(x, u)+ BE[V(X)|x, u]}

Because of the boundedness condition M, < f(x,u) < M*,
together with the assumption that V belongs to the domain Vy,
these definitions jointly imply that

1=-8)[T"V](x) = 1-B)M.+BM. = M,
and (1-B)[T"V]|(x) < (1-B)M*+BM* = M*

Similarly, given any V € Vy,
one has M, < (1 —B)[T*V](x) < M* for all x € X.

Therefore both V +— T"V and V — T*V map V), into itself.
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A First Contraction Mapping

The definition [T"V](x) := f(x, u(x)) + BE [V(X)|x, u(x)]
implies that for any two functions Vi, V, € V,, one has

[T*Va](x) = [T*Va](x) = BE[Vi(X) — Va(X)|x, u(x)]
The definition of the sup norm therefore implies that

[T"VA— TUVa|| = supeex [[T"VA](x) — [T*V2](x)]]
supyex [IBE [Vi(X) — Va(X)[x, u(x)] ||
B supyex E[[[VA(%) — Va(X)][|x, u(x)]
B supgex [[VA(X) — Va(X)|

BlIVi— Vo

IIRVAN VAN

Hence V — T"V is a contraction mapping with factor 5 < 1
that maps the normed linear space V), into itself.
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Applying the Contraction Mapping Theorem, |

For each fixed policy u, the contraction mapping V — TV
mapping the space V), into itself has a unique fixed point
in the form of a function V¥ € V.

Furthermore, given any initial function V € Vy,
consider the infinite sequence of mappings [T']¥V (k € N)
that result from applying the operator T" iteratively k times.

The contraction mapping property of T"
implies that ||[[TY]*V — VY|| — 0 as k — oc.
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Characterizing the Fixed Point, |
Starting from Vg = 0 and given any initial state x € X, note that

T Vo(x) = (T[T Vo) (x)
F(x, u(x)) + BE [([T']* Vo) (R)Ix; u(x)]

It follows by induction on k that [T¥]% V() equals

the expected discounted total payoff E Zle B (xt, uy)

of starting from x; = X

and then following the policy x — u(x) for k subsequent periods.

Taking the limit as k — oo, it follows that for any state X € X, the
value VY(x) of the fixed point in Vy
is the expected discounted total payoff

EY B (x, )

of starting from x; = x

and then following the policy x — u(x) for ever thereafter.
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A Second Contraction Mapping

Recall the definition

[TVI0) = max (£, u) + BE V(). )

Given any state x € X and any two functions Vi, Vb € Vyy,
define uy, up € F(x) so that for k = 1,2 one has

[T Vil (x) = F(x, ux) + BE[Vi(X)|x, uk]}
Note that [T*V2](x) > f(x, u1) + BE[Va(X)|x, u1]} implying that

[T*Vi](x) = [T*Va](x) < BE[Vi(X) — Va(X)|x, u]}

< Bvi = Vo
Similarly, interchanging 1 and 2 in the above argument
gives [T*Va](x) — [T*Vi](x) < ]| Vi — Vall.
Hence || T*Vi — T*Va|| < B]|V1 — V2|, so T* is also a contraction.
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Applying the Contraction Mapping Theorem, Il

Similarly the contraction mapping V — T*V

has a unique fixed point in the form of a function V* € V),

such that V*(X) is the maximized expected discounted total payoff
of starting in state x; = X

and following an optimal policy for ever thereafter.

Moreover, V* = T*V* = Tu" V.

This implies that V* is also the value
of following the policy x — u*(x) throughout,
which must therefore be an optimal policy.
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Characterizing the Fixed Point, I

Starting from Vg = 0 and given any initial state x € X, note that

T Vo(x) = [T1([T] W) (x)
= maxuep(x){f(x, u)+ SE [([T*]k_:l Vo) (3)|x, u]}

It follows by induction on k that [T*]¥V,(X) equals the maximum
possible expected discounted total payoff E Zle BELF (e, ur)

of starting from x; = X and then following the “backward”
sequence of optimal policies (u}, u;_1, u;_o, ..., u3, ui),

where for each k the policy x — uj(X) is optimal

when k periods remain.
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Method of Successive Approximation

The method of successive approximation starts
with an arbitrary function Vg € V.

For k =1,2,...,, it then repeatedly solves
the pair of equations Vj = T*Vj_1 = T% Vj,_1
to construct sequences of:
1. state valuation functions X > x — Vj(x) € R;

2. policies X 3 x — uf(x) € F(x) that are optimal
given that one applies
the preceding state valuation function X 3 X — Vj_1(X) € R
to each immediately succeeding state X.
Because the operator V +— T*V on V,, is a contraction mapping,
the method produces
a convergent sequence (V)22 ; of state valuation functions
whose limit satisfies V* = T*V* = T¥ V/*
for a suitable policy X 3 x — u*(x) € F(x).
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Lecture QOutline

Policy Improvement
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Monotonicity

For all functions V € V,,, policies u, and states x € X,
we have defined
[TUV](x) = f(x,u(x))+BE[V(X)]x, u(x)]
and [T*VI(x) = maxyerulf(x,u)+BE[V(R)[x, u}

Notation

Given any pair Vi1, Vb € VYV, we write Vi 2 V5

to indicate that the inequality V1(x) > Va(x) holds for all x € X.
Definition

An operator Vyy 3 V — TV € Vy, is monotone just in case
whenever Vi, Vb € V) satisfy Vi 2 Vb, one has TV = TV,.

Theorem

The following operators on Vy, are monotone:
1. V— T"V for all policies u;
2. V+— T*V for the optimal policy.
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Proof that T"Y is Monotone

Given any state x € X and any two functions Vi, Vb € Vy,
the definition of T" implies that

[TVA](x) = f(x,u(x)) + BE[VA(X)|x, u(x)]
and [T"V,|(x) = f(x,u(x))+ BE[Va(X)|x, u(x)]

Subtracting the second equation from the first implies that
[T*VA](x) = [T*"V2](x) = BE [Va(X) — V(%) x, u(x)]

If Vi = V, and so the inequality V4 (%) > V,(X) holds for all X € X,
it follows that [T"V;](x) > [T"V2](x).

Since this holds for all x € X,
we have proved that T4V, = TUV,. O
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Proof that T* is Monotone

Given any state x € X and any two functions Vi, V, € Vy,
define u1, up € F(x) so that for k = 1,2 one has

[T*Vi(x) = maxuerpif(x, u) + BE[V(X)|x, u]}
= f(x,ux) + BE[Vk(X)|x, uk]

It follows that

[T*V1](x) > f(x,w)+ BE[Vi(X)|x, u]
and [T*W](x) = f(x,uw)+ BE[Va(X)|x, u]

Subtracting the second equation from the first inequality gives
[T*V1](x) = [T"V2](x) = BE[V1(X) — Va(X)|x, ue]

If Vi 2 V; and so the inequality V(%) > Vo(X) holds for all X € X,
it follows that [T*V4](x) > [T*Va](x).

Since this holds for all x € X,
we have proved that T*V; = T*V,.
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Policy Improvement

The method of policy improvement starts
with any fixed policy ug or X 3 x — up(x) € F¢(x),
along with the value VY of following that policy for ever,
which is the unique fixed point that satisfies V40 = TUo /40,
At each step k =1,2,..., given the previous policy u,_1
and associated value VYk-1 satisfying VY-1 = TUk—1}/Yk-1:
1. the policy uy is chosen so that T*VY-1 = TY /U1,
2. the state valuation function x — Vj(x)
is chosen as the unique fixed point of the operator T",

Theorem
The double infinite sequence (uk, VY )ken of policies
and their associated state valuation functions satisfies
1. VU 2 VU1 for all k € N (policy improvement);
2. ||V — V*|| — 0 as k — oo, where V* is the infinite-horizon
optimal state valuation function that satisfies T*V* = V*.
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Proof of Policy Improvement

By definition of the optimality operator T,
one has T*V = T"V for all functions V € V), and all policies u.

So at each step k of the policy improvement routine, one has
TUk \fUk—1 — T*\/Uk—1 > TUk—1|/Uk—1 — |/Uk-1

In particular, T V"1 > V-1,

Now, applying successive iterations of the monotonic operator T"
implies that

VU1 < TUC VU K[ T2 Y- <
L ST Ve S [Ty <
But the definition of VY implies that for all V € V,,
including V = V¥%-1, one has ||[[T"]"V — VY| — 0 as r — oo.

Hence V' = sup, [T"] V41 = V-1,

thus confirming that the policy uy does improve uy_1. []
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Proof of Convergence
Recall that at each step k of the policy improvement routine,
one has TUYVY-1 = T*V"Y%-1 and also TY< V4 = VY,
Now, for each state x € X, define V/(x) := sup, V().
Because VU = VU1 and TY* is monotonic,
one has VY = TUk YUk > TUk|/Uk—1 = T*\/Uk-1
Next, because T* is monotonic, it follows that

A A

V =sup V¥ =2 sup T*V¥-1 = T*(sup V¥-1) = T*V
k k k

Similarly, monotonicity of and the definition of T* imply that

A A

V =sup V¥ =sup T V" < sup T*VY = T*(sup V") = T*V
K k K k

Hence V = T*V = V*, because T* has a unique fixed point.

Therefore V* = sup, V' and so, because the sequence V"(x)

is non-decreasing, one has V' (x) — V*(x) for each x € X. O
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Unbounded Utility

In economics the boundedness condition M, < f(x,u) < M*
is rarely satisfied!

Consider for example the isoelastic utility function

Cl—e '
e =31 < ife>0ande#1
Inc ife=1

This function is obviously:
1. bounded below but unbounded above in case 0 < € < 1;
2. unbounded both above and below in case € = 1;
3. bounded above but unbounded below in case € > 1.

Also commonly used is the negative exponential utility function
defined by u(c) = —e= @€
where « is the constant absolute rate of risk aversion (CARA).

This function is bounded above and also below (provided ¢ > 0).
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