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Definition (Simple temporal graph)

A temporal graph (G, \) is simple if
@ every edge ¢ has exactly one timestamp, i.e. |A(e)| = 1; and

@ all edges have pairwise different timestamps, i.e.
/\(61) 75 )\(62) for all e1,€e9 € E(G),el 75 €.

Remarks.

@ for our purposes the values of timestamps are not important,
so we will assume that the timestamps are from {1,2,... m},
m = |E(G)]|; or from [0, 1];

@ simple temporal graphs are also known as edge-ordered graphs
(Chvatal, Komlés, 1971).
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Definition (Temporal connectivity)

A temporal graph (G, \) is temporally connected if for every pair
of vertices =,y € V() the temporal graph contains

a temporal (z,y)-path; and
a temporal (y, z)-path.

7

Not temporally connected: there is no temporal path from D to B.
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Random simple temporal graphs

Definition (probability space D,, )

A random simple temporal graph (G, \) in D, , is obtained by
Q first sampling G from G,, ,;

@ and then sampling \ uniformly from the set of all bijections
E(G) - {1,2,...,|E(G)[}.

Remarks.
e Lavrov, Loh, 2014, considered uniformly random orderings of
complete graphs.

@ De Silva, Molla, Pfender, Retter, Tait, 2015, considered
edge orderings of G, .

e Angel, Ferber, Sudakov, Tassion, 2018, considered
uniformly random edge orderings of G,, ,,. [same as D, ;]
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Connectivity in random temporal graphs

Question

For which values of p a random simple temporal graph from D, ,
is temporally connected a.a.s.?

Definition (equivalent probability space F,, )

A random simple temporal graph (G, ) in F,, ,, is obtained by
Q first sampling G from G, ;

@ and then sampling the timestamps A(e), e € E(G) uniformly
and independently from [0, 1].
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Then (G, \) is temporally connected.
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Let (G, \) be simple temporal graph, = be a vertex in (G, \), and let
t €(0,1] be such that

© every vertex in (G, \) reaches x before time t; and
@ 1 reaches every vertex in (G, \) after time t.

Then (G, \) is temporally connected.

Definition (temporal source (sink))

A vertex x is a temporal source (resp. temporal sink) in a temporal graph
(G, \) if every vertex in (G, \) can be reached from x (resp. can reach
x) via temporal path.
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Let (G, \) = F,,, and let

@ (G4, A1) is the subgraph of (G, \) spanned by the edges with
timestamps < 0.5; and

@ (Go, \y) is the subgraph of (G, \) spanned by the edges with
timestamps > 0.5;

Observations

Q if x is a temporal sink in (G, \1) and a temporal source in
(G2, A2), then (G, \) is temporally connected:;

@ both (G, A1) and (G2, \2) can be seen as elements of 7, , 5.
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From Temporal connectivity to Temporal source

Let v, (resp. 0y,;) be the probabilities that an arbitrary vertex in
a random temporal graph from F,, , is a temporal source (resp.
temporal sink).

Observation. v, , = 0y, ).

Follows from

© a vertex is a temporal source in (G, \) iff it is a temporal sink
in (G, \'), where X' (e) =1 — \(e);

@ the mapping (a1, a9, ..., ) = (1 —aq, 1 —ag, ..., 1 — )
is a bijection.

Lemma

Let p=p(n). Ifv,,/2 — 1 asn — oo, then a random temporal
graph from F, , is temporally connected a.a.s.
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Temporal source: 2-hop approach

Let = be an arbitrary vertex in (G, \). For y,z € V(G), let
@ FE. be the event that = reaches z; and
@ FE,. be the event that = reaches = in exactly two steps via .

Let p; :=P(E.) and py := P(E,.) = p? /2.

'yn,pzl—]P’<U EZ> ZI—ZZ;éIIE”(Ez):l—(n—l)pl

z#x

F(E.) < P( N Ey> = 1 B(B,.) = (1-p2/2)" " <e 5

YF#T,2 y#T,z

Lemma

Yn,p =1 —0(1), when p = 2\/logn/n.
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Observation

Let v be a temporal source in a temporal graph (G, \). Then there
exists a foremost tree for v in (G, \).

Algorithm FOREMOST TREE

Input: Temporal graph (G, \); temporal source v in (G, \).
Output: Foremost tree for v.
T+ ({U}, @)
while V(G) — V(T') # ) do
Let e be an edge that extends T' and has the minimum timestamp.
Addeto T
return (7, \)
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The following model is equivalent to F,,
@ sample a random graph (/. \) from F,, 1;

@ remove from (K, \) all edges with timestamps > p.

Idea:
© Run FOREMOST TREE algorithm from an arbitrary vertex in
a random graph F, 1.

@ Analyze the smallest value p such that all edges of the
constructed tree have timestamps at most p.
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Outline of the analysis:

@ Let ey, eo,...e, 1 be the edges of the output formost tree in
the order they are added to the tree.

@ Then A(e1) < Alea) < ... < Aep—1).
Hence, we are interested in the smallest p such that
Aen—1) < p.
Q Let X = )\(61) and X; = )\((Zi) — )\(61;1), 2<i<n-—1.
Q@ ThenV =3 "' X; = Me, ).

@ We show
@ E[Y] = 21511 1 o(1);

@ Y concentrates around its expected value E[Y].
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Theorem (Sharp threshold for Temporal Source)

There exists a function =(n) = o(1) such that an arbitrary vertex in
a random temporal graph F, , is

@ a temporal source a.a.s. if p > 210&(1 +e(n)); and

@ not a temporal source a.a.s. ifp < M(1 —e(n)).

Theorem (Threshold for Temporal Connectivity)

There exists a function £(n) = o(1) such that a random temporal
graph F,, , is
@ temporally connected a.a.s. if p > 410g"(1 +e(n)); and

@ not temporally connected a.a.s. if p < 21°g =EL(1 —e(n)).



Thank you for your attention!



